
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 349, Number 4, April 1997, Pages 1437–1446
S 0002-9947(97)01514-6

p-ADIC POWER SERIES WHICH COMMUTE

UNDER COMPOSITION

HUA-CHIEH LI

Abstract. When two noninvertible series commute to each other, they have
same set of roots of iterates. Most of the results of this paper will be concerned
with the problem of which series commute with a given noninvertible series.
Our main theorem is a generalization of Lubin’s result about isogenies of formal
groups.

1. Introduction

Let f(x) =
∑∞

n=1 anx
n and g(x) =

∑∞
n=1 bnx

n be formal power series with-
out constant terms. We use the symbol f ◦ g to denote the formal power series∑∞

n=1 cnx
n obtained by substituting g for x in f and rearranging according to

powers of x. We say g commutes with f in the sense that

f ◦ g = g ◦ f .
In complex analytic dynamics, when 0 < |f ′(0)| = |a1| < 1 and f is convergent

for |z| < ρ, where ρ > 0, the commuting family of this analytic function f(z) are
completely mastered by the Schröder’s functional equation: L

(
f(z)

)
= f ′(0)L(z),

where L(z) is a unique function with L′(0) = 1 which satisfies this identity and
converges in some neighbourhood of 0. Not only can one express all iterates f◦m(z)
as L◦−1(am1 L(z)), but with arbitrary b1 the expression L◦−1(b1L(z)) gives us the
unique power series g(z) with g′(0) = b1 which commutes with f(z).

Let K be an algebraic extension of Qp and let O be its integer ring with maximal

ideal M. If K is an algebraic closure of K, we denote by O and M the integral
closure of O in K and the maximal ideal of O, respectively. The set of all power
series over O without constant term is a monoid (noncommutative, associative,
with unit) under composition. A series u(x) ∈ O[[x]] without constant term is
called invertible if there exists a series w(x) ∈ O[[x]] such that u ◦ w(x) = x. A
necessary and sufficient condition for u(x) to be invertible is that u′(0) ∈ O∗.

If f(x) ∈ O[[x]] without constant term and 0 6= f ′(0) ∈ M, then we call f(x)
a noninvertible stable series. In this case, Lubin [2] shows a similar result as in
complex dynamics: for any noninvertible series we can find a unique Lf(x) with

L′f(0) = 1 such that Lf

(
f(x)

)
= f ′(0)Lf (x) and Lf (x) converges in M. Therefore,

for any b1 ∈ K, g(x) = L◦−1
f (b1Lf(x)) is the unique power series in K[[x]] with

g′(0) = b1 which commutes with f(x). We define Λ(f) = {α ∈ M| f◦n(α) =
0, for some n }, the set of all roots of iterates of f(x). The roots of iterates are of
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serious interest. Lubin [2] also shows that if g(x) ∈ O[[x]] is a noninvertible series
which commutes with f(x), then Λ(f) = Λ(g). One of the principal topics of this
note is the question of which series in O[[x]] commutes with a given one.

In the commuting family of f(x), there may exist a series g(x) ∈ O[[x]] such
that g = h ◦ f but h(x) 6∈ O[[x]]. One may ask under what conditions this can
not happen. In a formal group case, Lubin [4] shows that if f, g ∈ EndO(F ) for
some formal group F and f | g, then there exists h ∈ O[[x]] such that g = h ◦ f .
Our main theorem is a generalization of Lubin’s result (without any formal group
in the back ground) which says that the necessary and sufficient condition for a
series g(x) which commutes with f(x) to satisfy g(x) ∈ O[[f(x)]] is that every root
of f(x) is also a root of g(x).

The work presented here is part of the author’s 1994 Brown Ph.D. thesis. With-
out Professor Rosen’s continued help and encouragement, none of this work would
have been possible. Professor Lubin was the one who introduced the author to the
field of p-adic Dynamical Systems. His guidance in this research was indispensable.

2. Newton Copolygons and Valuation Functions

Recall that K is a field which is complete with respect to a valuation υ. We
normalize the valuation υ such that υ(π) = 1, where π is a generator of M. There
is a unique extension of υ to K, and this will likewise be denoted υ.

Throughout this paper we deal exclusively with power series f(x) ∈ O[[x]] such
that f(0) = 0 and f ′(0) is neither 0 nor any root of 1. We also suppose that not
all coefficients of f(x) are in M. We denote this set by S0(O). The lowest degree
in which a unit coefficient appears will be called the Weierstrass degree of f(x),
denoted wideg(f). According to the Weierstrass Preparation Theorem there exist
a unit power series U(x) ∈ O[[x]] and a distinguished polynomial P (x) ∈ O[[x]]
(P (x) = xn + bn−1x

n−1 + · · ·+ b0 where bi ∈ M) such that f(x) = P (x)U(x) and
deg(P ) =wideg(f). It is easy to see that wideg(f ◦ g) = wideg(f)wideg(g).

The Newton polygon is a natural tool to study the roots of p-adic power series
(see Koblitz [1, pages 89–100]). Another geometric object, which contains the
same information as the Newton polygon, is the Newton copolygon. Let f(x) =∑∞

n=1 anx
n. The Newton copolygon of f(x), N ∗(f), is defined to be the intersection

in the Cartesian plane of all halfplanes defined by the inequalities y ≤ ix + υ(ai).
A part of the line y = ix + υ(ai) is a segment of N ∗(f) if and only if there exists
α ∈ R such that iα + υ(ai) < jα + υ(aj) for all j 6= i. A point (ξ, η) is a vertex of
N ∗(f) if and only if there exist i and j such that η = iξ + υ(ai) = jξ + υ(aj) and
j′ξ + υ(aj′ ) ≥ η for all j′ 6= i.

It is easy to see that two power series have the same Newton copolygon if and
only if they have the same Newton polygon: indeed, the polygon and copolygon
are essentially dual convex bodies. We have the following facts:

Lemma 2.1. The vertices of N (f) (Newton polygon of f(x)) are in one-to-one
correspondence with the segments of N ∗(f); if (P, S∗) is a corresponding pair, the
x-coordinate of P is the slope of S∗ and the y-coordinate of P is the y-intercept of
S∗.

Proof. P =
(
i, υ(ai)

)
is a vertex of N (f) if and only if there exists ξ such that for

all j > i and j′ < i,
(
υ(ai)−υ(aj)

)
/(i− j) > −ξ >

(
υ(ai)−υ(aj′ )

)
/(i− j′). Thus
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iξ+ υ(ai) < jξ + υ(aj), for all j 6= i. This is equivalent to the assertion that a part
of y = ix+ υ(ai) is a segment of N ∗(f).

Lemma 2.2. The nonvertical segments of N (f) are in one-to-one correspondence
with the vertices of N ∗(f); if (S, P ∗) is a corresponding pair, the x-coordinate of
P ∗ is the negative of the slope of S and the y-coordinate of P ∗ is the y-intercept of
S.

Proof. If P ∗ = (ξ, η) is a vertex of N ∗(f), then choose smallest i and biggest i′ such
that η = iξ + υ(ai) = i′ξ + υ(ai′). This condition and jξ + υ(aj) ≥ η tell us that
the segment S which connects

(
i, υ(ai)

)
and

(
i′, υ(ai′)

)
is a segment of N (f). It is

easy to check that the slope of S is −ξ and the y-intercept of S is iξ + υ(ai) = η.
The converse follows, if one reverses the above argument.

The following is a consequence of the basic property of the Newton polygon
(Koblitz [1, IV, Corollary of Theorem 14]) but is of sufficient importance to merit
its own statement.

Proposition 2.3. Let P ∗ be a vertex of the Newton copolygon of f(x) ∈ K[[x]].
If the x-coordinate of P ∗ is ξ and the change in slope at P ∗ is N , then there are,
counting multiplicity, precisely N values of x ∈ K for which f(x) = 0 and υ(x) = ξ.

The valuation function of f(x), denoted Ψf (x), is a real-valued polygonal func-
tion defined for nonnegative values whose graph is the upper boundary of the New-
ton copolygon. We know that for any α ∈M if υ(α) is not the x-coordinate of any
vertex of the Newton copolygon, then the relation υ(f(α)) = Ψf (υ(α)) holds. It
follows from this that if g(x) is another series without constant term, then

Ψf ◦Ψg = Ψf◦g.

If f(x) ∈ S0(O) is a noninvertible stable series with wideg(f) = d <∞, then the
valuation function of f(x), Ψf (x), is a strictly increasing polygonal function with
finitely many segments. The leftmost segment is the line y = dx and the rightmost
segment continuing to infinity is the line y = x + υ(f ′(0)). All the segments of
Ψf(x) lie entirely above the line y = x (i.e. Ψf(x) > x). We want to know which
series commute with f . One sees that if f ◦ g = g ◦ f , then Ψf ◦ Ψg = Ψf◦g =
Ψg◦f = Ψg ◦Ψf . Therefore, we first treat the problem of which polygonal functions
commute with Ψf(x). Since we are talking about valuation functions of some
series over O with finite Weierstrass degree, so we just pay attention to increasing
polygonal functions, Φ : R+ → R+ starting at the point (0, 0) (i.e. Φ(0) = 0), and
having finitely many segments.

Lemma 2.4. Let Φ1(x), Φ2(x) be two polygonal functions which commute with
Ψf(x).

(1) If the leftmost segment of Φ1(x) and Φ2(x) is equal, then Φ1(x) = Φ2(x).
(2) If the rightmost segment of Φ1(x) and Φ2(x) is equal, then Φ1(x) = Φ2(x).

Proof. (1) Suppose that Φ1(x) and Φ2(x) are two different polygonal functions
commuting with Ψf(x) such that their leftmost segments have same slope. We can
find ξ and ε such that Φ1(x) = Φ2(x) when 0 ≤ x ≤ ξ, and Φ1(x) = r1x + s1,
Φ2(x) = r2x + s2 when x ∈ I = (ξ, ξ + ε), where r1 6= r2. Since Ψf (x) > x and
Ψf(x) is a continuous increasing function, we can find I ′ = (ξ′, ξ′ + ε′) such that
ξ′ + ε′ < ξ and Ψf (I ′) ⊆ I. After adjusting ε′, we can suppose that Ψf (x) = rx+ s
when x ∈ I ′. Hence Ψf (Φ1(x)) = Φ1(Ψf (x)) = r1(rx + s) + s1 and Ψf (Φ2(x)) =
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Φ2(Ψf (x)) = r2(rx + s) + s2, if x ∈ I ′. Since Φ1(x) = Φ2(x), if x ∈ I ′, we have
r1(rx+s)+s1 = r2(rx+s)+s2 for all x ∈ I ′. Thus r1r = r2r and r1s+s1 = r2s+s2.
Since r 6= 0, we have that s1 = s2 and r1 = r2. This is a contradiction.

(2) Repeat the argument as above mutatis mutandis.

Lemma 2.5. Let wideg(f) = d = pα1
1 · · · pαλλ = qc, where c = gcd(α1, . . . , αλ)

and pi’s are distinct primes. Then for any polygonal function with finitely many
segments which commutes with Ψf (x), its leftmost segment must have slope qt for
some t ∈ Z.

Proof. Let Φ(x) be any polygonal function which satisfies our assumption. Since
the slope and y-intercept of every segment of Ψf (x) are integers, it is easy to check
that the leftmost segment of Φ(x) is y = rx and the rightmost segment of Φ(x) is
y = x + a, where r and a are rational numbers. Because a is a rational number,
we can find n,m ∈ Z such that nυ(f ′(0)) = ma. The rightmost segment of Ψ◦n

f (x)

(resp. Φ◦m(x)) is y = x + nυ(f ′(0)) (resp. y = x + ma). Lemma 2.4 tells us that
Ψ◦n
f (x) = Φ◦m(x). The slope of the leftmost segment of Ψ◦n

f (x) (resp. Φ◦m(x)) is

dn (resp. rm). We have that pnα1
1 · · · pnαλλ = rm. Suppose that r = pβ1

1 · · · pβλλ . The
equality tell us that

mβ1 = nc
α1

c
; mβ2 = nc

α2

c
; . . . ; mβλ = nc

αλ
c
.

Since gcd(α1/c, . . . , αλ/c) = 1, we have that m |nc. Let t = nc/m. Then r =
qt.

Proposition 2.6. The set of polygonal functions which have finitely many seg-
ments and commute with Ψf (x) is a cyclic group under composition.

Proof. Since Ψf (x) is a strictly increasing function, every polygonal function, Φ(x),
which commutes with Ψf (x) is also strictly increasing. Therefore there exists a
unique polygonal function Φ◦−1(x) which commutes with Ψf(x) and satisfies Φ ◦
Φ◦−1 = Φ◦−1 ◦ Φ = I(x) (identity map).

For every polygonal function which satisfies our assumption the slope of its
leftmost segment has the form qt. Choose to to be the smallest positive integer
among those t’s and let Ψ0(x) be such a polygonal function whose leftmost segment
is y = qtox. Let Φ(x) be any polygonal function which has finitely many segments
and commutes with Ψf (x). Then the leftmost segment of Φ(x) has slope qt, for
some t ∈ Z. Assume t = mto + i, for some m ∈ Z and 0 < i < to. We have
that Ψ◦−m

0 ◦ Φ(x) is a polygonal function which has finitely many segments and
commutes with Ψf (x). The slope of the leftmost segment of Ψ◦−m

0 ◦ Φ(x) is qi.
This contradicts the choice of to. Thus t = mto, so Φ(x) = Ψ◦m

0 (x). This group is
cyclic, generated by Ψ0(x).

Using the fact that the commuting family of Ψf (x) is a cyclic group, we have
the following results

Corollary 2.6.1. Suppose that Φ1(x) and Φ2(x) are two polygonal functions which
have finitely many segments and commute with Ψf and both the leftmost segments
of Φ1, Φ2 have slope greater than 1. Let the x-coordinates of the leftmost vertex
and the rightmost vertex of Φi(x) be ξi and δi, (i = 1, 2), respectively. Then

(1) Φ1(x), Φ2(x) > x.
(2) Φ1(ξ1) = Φ2(ξ2) and δ1 = δ2.
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(3) If the slope of the leftmost segment of Φ1 is less than the slope of the leftmost
segment of Φ2 and Φ1(ξ

′) ≥ δ1, then for x ≥ ξ′, Φ2(x) = Φ1(x) + c for some c.

Proof. Let Φ(x) be the generater of the commutant group of Ψf (x) with the slope
of its leftmost segment greater than 1 and suppose that the x-coordinates of the
leftmost vertex and the rightmost vertex are ξ and δ, respectively.

(1): Assume that Φ(x) ≤ x for some x. Since the slope of the leftmost segment
of Φ(x) is greater than 1, there exists ε > 0 such that Φ(x) > x, if 0 ≤ x < ε.
Because Φ(x) is a continuous function, there exists a first ζ such that Φ(ζ) = ζ.
Hence Φ◦n(ζ) = ζ, for all n ∈ N. This implies Ψf (ζ) = ζ. It contradicts Ψf(x) > x
for all x. Our first assertion follows.

(2): Suppose that the leftmost segment of Φ(x) is y = rx. Then it is easy to check
that the leftmost segment of Φ◦2(x) is y = r2x and the x-coordinate of the leftmost
vertex of Φ◦2(x) is ξ/r. By induction, we obtain that the leftmost segment of Φ◦n(x)
is y = rnx and the x-coordinate of the leftmost segment of Φ◦n(x) is ξ/rn−1, for
all n ∈ N. Since Φ◦n(ξ/rn−1) = rξ = Φ(ξ), we have Φ1(ξ1) = Φ2(ξ2) = Φ(ξ).

Suppose that Φ(x) = x + s, if δ ≤ x. Since Φ(x) > x, there exists δ′ < δ such
that Φ(δ′) = δ. Hence δ ≤ Φ(x), if δ′ ≤ x. Therefore Φ◦2(x) = Φ(x) + s, if δ′ ≤ x.
Thus the x-coordinate of the rightmost vertex of Φ◦2(x) is δ. By induction, we can
obtain that Φ◦n(x) = Φ(x) + (n− 1)s, if δ′ ≤ x. Therefore δ1 = δ2.

(3): Since the slope of the leftmost segment of Φ2 is greater than the slope of
the leftmost segment of Φ1, there exists m ∈ N such that Φ2 = Φ◦m ◦Φ1. Suppose
that Φ1(ξ

′) ≥ δ1. Since δ = δ1 and Φ1 is a strictly increasing function, we have
that Φ1(x) > δ, if x > ξ′. Therefore Φ◦Φ1(x) = Φ1(x)+ s, if x ≥ ξ′. By induction,
we have that Φ2(x) = Φ◦m ◦Φ1(x) = Φ1(x) + ms, if x ≥ ξ′.

3. Main Results

Proposition 3.1. Let f and g be noninvertible series in S0(O) such that f ◦ g =
g ◦ f . Then wideg(f) = wideg(g) if and only if υ(f ′(0)) = υ(g′(0)).

Proof. Ψf and Ψg are two polygonal functions which commute with each other.
Since the slope of the leftmost segment of Ψf (resp. Ψg) is wideg(f) (resp. wideg(g))
and the rightmost segment of Ψf (resp. Ψg) is y = x + υ(f ′(0)) (resp. y =
x + υ(g′(0))), by Lemma 2.4, our claim follows.

Proposition 3.2. Let f be a noninvertible series with Weierstrass degree equal to

pα1

1 · · ·pαλλ = (p
α1
c

1 · · ·p
αλ
c

λ )c = qc, where c = gcd(α1, α2, . . . , αλ) and pi’s are distinct
primes. If g is another noninvertible series commuting with f , then wideg(g) = qt

for some t ∈ N.

Proof. First we check that wideg(g) 6= ∞. If wideg(g) = ∞, then g(x) = πmh(x)
with m > 0 and wideg(h) = l. Hence the first segment of Ψg is y = lx+m. But the
first segment of Ψf is y = qcx, we cannot have Ψg ◦Ψf = Ψf ◦Ψg. This contradicts
our assumption. Since wideg(g) 6= ∞, Lemma 2.5 tells us that wideg(g) = qt for
some t ∈ N.

Corollary 3.2.1. If f ◦ g = g ◦ f , then

wideg(g)v(f
′(0)) = wideg(f)v(g

′(0)).

Proof. By Proposition 3.2, we can assume that wideg(f) = qc and wideg(g) = qt.
Since f ◦ g = g ◦ f , it implies f◦t ◦ g◦c = g◦c ◦ f◦t. Because wideg(f◦t) = (qc)t =
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(qt)c =wideg(g◦c), by Proposition 3.1, we have υ
(
(f◦t)′(0)

)
= υ

(
(g◦c)′(0)

)
. Since

(f◦t)′(0) = (f ′(0))t and (g◦c)′(0) = (g′(0))c, our assertion follows.

Proposition 2.6 tells us that there exists a polygonal function Φ such that it
generates all the polygonal functions which commute with Ψf . Actually, under
some conditions Ψf itself can be a generator.

Corollary 3.2.2. Let f(x) be a noninvertible stable series with Weierstrass degree
equal to pα1

1 · · · pαλλ = qc, where c = gcd(α1, . . . , αλ). If gcd(c, v(f ′(0))) = 1, then
every noninvertible stable series which commutes with f(x) has the form µ ◦ f◦m
for some m ∈ N and µ(x) ∈ K[[x]] with µ(0) = 0, µ′(0) ∈ O∗ and µ ◦ f = f ◦ µ.

Proof. If g(x) is noninvertible and commuting with f(x), we have wideg(g) = qt

for some t ∈ N and t · v(f ′(0)) = c · v(g′(0)). Since gcd(c, v(f ′(0))) = 1, we have

that c | t. Let m = t/c. Then wideg(g) =wideg(f◦m) and υ(g′(0)) = υ
(
(f◦m)′(0)

)
.

Thus g′(0) = $ · (f◦m)′(0) for some $ ∈ O∗. There is a unique µ(x) ∈ K[[x]] such
that µ ◦ f = f ◦ µ and µ′(0) = $. (Recall that µ = L◦−1

f ($Lf ).) Since both g and
µ ◦ f◦m commute with f and have the same first degree coefficient, by uniqueness,
g = µ ◦ f◦m.

The power series µ(x) above, although it satisfies µ◦f(x) ∈ O[[x]] and µ′(0) ∈ O,
may not be a series over O. This leads us to check some integrality properties.

Definition. Let f(x) and g(x) ∈ O[[x]], without constant terms.
Denote f | g, if there exists h(x) ∈ O[[x]], such that g(x) = h(x) · f(x).
Denote f ‖ g, if there exists h(x) ∈ O[[x]], such that g(x) = h ◦ f(x).

Proposition 3.3. If ~1 ◦ f = ~2 ◦ g with ~1, ~2 ∈ O[[x]] without constant terms
and ~′1(0) 6= 0, ~′2(0) 6= 0, then any common root of f(x) and g(x) is a root of f(x),
g(x) and ~1(f(x)) of the same multiplicity.

Proof. Let α ∈ M be a root of f(x) and g(x). ~′1(f(x))f ′(x) = ~′2(g(x))g′(x), so
~′1(0)f ′(α) = ~′2(0)g′(α). Hence f ′(α) = 0 if and only if g′(α) = 0. Denote f ′(n) as
the n-th derivative of f .

(~1 ◦ f)′(n) = (~′1 ◦ f) · f ′(n) +

n∑
i=2

∑
j1+···+ji=n

Cj1...ji(~
′(i)
1 ◦ f) · f ′(j1) · · · f ′(ji) ,

where Cj1...ji is some constant. We use induction. Suppose that f ′(j)(α) =

g′(j)(α) = 0, for all j < n. Since (~1 ◦ f)′(n)(α) = ~′1(0)f ′(n)(α) = ~′2(0)g′(n)(α), we
have that f ′(n)(α) = 0 if and only if g′(n)(α) = 0, if and only if (~1 ◦ f)′(n)(α) =
0.

Corollary 3.3.1. Let f(x) and g(x) be noninvertible series in S0(O), and f ◦ g =
g ◦f . If f(α) = g(α) = 0 then α is a zero of f(x) and g(x) of the same multiplicity.

Proof. Since g ◦ f = f ◦ g and f ′(0) 6= 0, g′(0) 6= 0, our claim follows.

Let f, g ∈ O[[x]] and f ◦ g = g ◦ f . If f ‖ g, then it is easy to see that f | g. Our
goal is to prove that the converse is also true.

Consider two rings, D = O[[x]] and Df = O[[f(x)]]. D is a complete local
ring with maximal ideal (M, x). Since Df ' D, Df is also a complete local ring
with maximal ideal (M, f(x)). Let K and Kf be the quotient fields of D and Df
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respectively. Consider f(T )−f(x) as a power series in T over Df , i.e. f(T )−f(x) ∈
Df [[T ]]. According to the Weierstrass Preparation Theorem there exist a unit
power series U(T ) ∈ Df [[T ]] and a distinguished polynomial F (T ) ∈ Df [T ] such
that f(T )− f(x) = F (T )U(T ) and deg(F ) =wideg(f) = d. F (T ) is an Eisenstein
polynomial over Df and Df is a UFD (unique factorization domain), so F (T ) is
an irreducible polynomial over Kf . Let L be the splitting field of F (T ). L is a
Galois extension over Kf with Galois group Γ. T = x is a root of F (T ), so for any
τ ∈ Γ, xτ is also a root of F (T ) and then f(xτ ) = f(x) = (f(x))τ . D is a free
Df -module with basis {1, x, . . . , xd−1}. Thus, for all g(x) ∈ D, we can write g(x)
as g0(f(x)) + g1(f(x))x + · · ·+ gd−1(f(x))xd−1, where gi(x) ∈ O[[x]]. Hence

(g(x))τ = g0(f(x)) + g1(f(x))xτ + · · ·+ gd−1(f(x))(xτ )d−1

= g0(f(xτ )) + g1(f(xτ ))xτ + · · ·+ gd−1(f(xτ ))(xτ )d−1 = g(xτ ).

If g(xτ ) = g(x) for all τ ∈ Γ, then g(x) ∈ Kf . Since D is integral over Df and Df

is integrally closed, we have g(x) ∈ O[[f(x)]].

Theorem 3.4. Let f(x), g(x), ~1(x) and ~2(x) ∈ S0(O) with ~1 ◦f = ~2 ◦g. Then
f | g if and only if f ‖ g.

In particular, if ~1 = g and ~2 = f , i.e. f ◦ g = g ◦ f , then f | g if and only if
f ‖ g.
Proof. We only have to prove that f | g implies f ‖ g. Keep the notation as above.
Suppose f | g. We will show that every root of f(T )− f(x) is a root of g(T )− g(x).
For any τ ∈ Γ, xτ is a root of f(T )−f(x). Therefore xτ will be a root of g(T )−g(x).
Thus (g(x))τ = g(xτ ) = g(x), for all τ ∈ Γ. Hence g(x) ∈ O[[f(x)]], i.e. g(x) =
h(f(x)) for some h(x) ∈ O[[x]].

Let D = O[[x]] with quotient field K, Df = O[[f(x)]] with quotient field Kf and
Dg = O[[g(x)]] with quotient field Kg. Consider f(T ) − f(x) ∈ Df [[T ]]. There
exists F (T ) ∈ Df [T ] a monic irreducible polynomial over Kf and a unit power
series U1(T ) ∈ Df [[T ]], such that f(T )− f(x) = F (T )U1(T ). Consider ~1(f(T ))−
~1(f(x)) ∈ Df [[T ]]. We can also have ~1(f(T )) − ~1(f(x)) = Hf (T )U2(T ), where
Hf (T ) is a monic polynomial in Df [T ] and U2(T ) is a unit of Df [[T ]]. T = x is a
root of f(T )−f(x) and ~1(f(T ))−~1(f(x)). Since F (T ) is the minimal polynomial
of x in Kf [T ], we have F (T )|Hf (T ) in Df [T ]. Thus every root of f(T ) − f(x) is
also a root of ~1(f(T )) − ~1(f(x)). Next, we consider g(T ) − g(x) as a power
series in T over Dg[[x]]. For the same reason as above, there exist G(T ) ∈ Dg[T ]
a monic irreducible polynomial over Kg and a unit power series U3(T ) ∈ Dg[[T ]],
such that g(T ) − g(x) = G(T )U3(T ). Since ~2(g(T )) − ~2(g(x)) ∈ Dg[[T ]], we
have that ~2(g(T ))− ~2(g(x)) = Hg(T )U4(T ) where Hg(T ) is a monic polynomial
in Dg[T ] and U4(T ) is a unit of Dg[[T ]]. For the same reason as above, we have
G(T )|Hg(T ) in Dg[T ]. Notice that Df , Dg ⊂ D. Therefore by the uniqueness of
Weierstrass Preparation Theorem and ~1 ◦f = ~2 ◦g, we have Hf (T ) = Hg(T ). For
convenience, we let H(T ) = Hf (T ) = Hg(T ). Thus F (T )|H(T ) and G(T )|H(T ) in
D[T ].

Consider F (T ) as an element of D[T ]. Because D and D[T ] are UFD, we can
factorize F (T ) ∈ D[T ] into F1(T ) · · ·Fs(T ), where F1(T ), . . . , Fs(T ) are monic ir-
reducible polynomials over K. Using Gauss’ Lemma we have F1(T ), . . . , Fs(T ) ∈
D[T ]. Let fi(x) ∈ D = O[[x]] be the constant term of Fi(T ), i.e. fi(x) = Fi(0).
Notice that F (T ) ≡ T d mod the maximal ideal (M, x) of D where d = wideg(f).
Therefore Fi(T ) ≡ T di (mod M, x) for some di > 0. This implies that fi(x),
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the constant term of Fi(T ), is in (M, x). Hence fi(x) is not a unit in D. We
have f1(x) · · · fs(x) = f(x)u1(x) where u1(x) is a unit of D, because F (0)U1(0) =
−f(x). Using same argument we can factorize G(T ) = G1(T ) · · ·Gt(T ), where
Gi(T ) ∈ D[T ] is a monic irreducible polynomial over K with constant term gi(x),
and we have g1(x) · · · gt(x) = g(x)u2(x) where u2(x) is a unit of D. We can also
factorize H(T ) into H1(T ) · · ·Hr(T ) in D[T ]. Since F (T )|H(T ) and G(T )|H(T ) in
D[T ], ∀i ∈ {1, . . . , s} and ∀j ∈ {1, . . . , t} there exist i′, j′ ∈ {1, . . . , r} such that
Fi(T ) = Hi′(T ) and Gj(T ) = Hj′ (T ) respectively.

Assume T1 is a root of F (T ) but not a root of G(T ). Thus there exists i ∈
{1, . . . , s} such that Fi(T1) = 0 but Fi(T ) 6= Gj(T ), ∀ j ∈ {1, . . . , t}. We reorder
them such that F1(T1) = 0 and F1(T ) = H1(T ), G1(T ) = H2(T ), . . . , Gt(T ) =
Ht+1(T ). Since F1(T )G1(T ) · · ·Gt(T )|H1(T )H2(T ) · · ·Ht+1(T ) · · ·Hr(T ) = H(T ),
by taking T = 0, we have f1(x)g1(x) · · · gt(x)|~1(f(x)). Thus f1(x)g(x)|~1(f(x)).
Since f1(x) is not a unit in D = O[[x]] and f | g, there exists α ∈ M such that
f1(α) = g(α) = 0. This tells us that α is a root of ~1(f(x)) with higher multiplicity
than as a root of g(x). This is contrary to our Proposition 3.3. Hence every root
of F (T ) is a root of G(T ). Our claim follows.

Remark. (1) This theorem is a generalization of Lubin’s results [4, Theorems 1.4,
1.5].

(2) If g(x) = h ◦ f(x) and f ◦ g = g ◦ f , then f ◦ h ◦ f = f ◦ g = g ◦ f = h ◦ f ◦ f .
Therefore f ◦ h = h ◦ f .

From now on, we denote CommO(f) to be the set of all g ∈ O[[x]] with g ◦ f =
f◦g. Proposition 3.3 and Theorem 3.4 say that if f◦g = g◦f , then the necessary and
sufficient condition for f ‖ g is that every root of f is also a root of g. One may ask
under what circumstance this may happen. Let us return to polygonal functions.
Let f(x) be a noninvertible series in S0(O) and let ξ and δ be the x-coordinates
of the leftmost and rightmost vertices of N ∗(f), respectively. If Ψf (ξ) > δ, then
there is ξ′ < ξ such that Ψf (ξ) ≥ δ. For any h(x) ∈ O[[x]] with h ◦ f = f ◦ h
and wideg(h) ≥ wideg(f), by Corollary 2.6.1, Ψh(x) = Ψf(x) + c, ∀x ≥ ξ′. Thus
if P ∗ = (ξo,Ψf (ξo)) is a vertex of N ∗(f) and the change in slope at P ∗ is N , then
P ′∗ = (ξo,Ψh(ξo)) is also a vertex of N ∗(h) with the change in slope at P ′∗ equal to
N . Suppose that g ◦ f = f ◦ g and wideg(g) ≥ wideg(f). We claim that every root
of f is also a root of g. Assume there is α ∈ M such that f(α) = 0 but g(α) 6= 0.
Then since g ◦ f = f ◦ g, there exists n such that g◦n(α) = 0. This says that the
number of roots of g◦n(x) with valuation equal to υ(α) is greater than the number
of roots of g(x) with valuation equal to υ(α). Since f(x) and g(x) have the same
number of roots with valuation equal to υ(α), it implies that the change in slope

of N ∗(g◦n) at the vertex
(
υ(α),Ψg◦n(υ(α))

)
is greater than the change in slope of

N ∗(f) at the vertex
(
υ(α),Ψf (υ(α))

)
. This is a contradiction. Therefore we have

f | g. On the other side, suppose that f ◦ g = g ◦ f and wideg(g) < wideg(f) with
the x-coordinates of the leftmost and rightmost vertices of N ∗(g) equal to ξ1 and
δ1, respectively. Then by Corollary 2.6.1, Ψg(ξ1) = Ψf(ξ) > δ = δ1. Using the
same reason as above, we can get g | f . Therefore, if N ∗(f) satisfies the condition
mentioned above, then for all g1, g2 ∈ CommO(f), we have that g1 | g2 if and only
if wideg(g1) ≤ wideg(g2).
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Corollary 3.4.1. Let f(x) be a noninvertible series in S0(O) with Weierstrass
degree d. Let the x-coordinates of the leftmost vertex and the rightmost vertex of
N ∗(f) be ξ and δ respectively. If dξ > δ, then there exists h(x) ∈ O[[x]] with
h ◦ f = f ◦ h such that ∀ g ∈ CommO(f), g = u ◦ h◦m for some m ∈ N and u(x) an
invertible series in CommO(f).

Proof. For any noninvertible series g1(x), g2(x) ∈ CommO(f), we have that g1 | g2 if
and only if wideg(g1) ≤ wideg(g2). Let h(x) ∈ CommO(f) be a noninvertible series
with smallest Weierstrass degree qt. For any g(x) ∈ CommO(f), wideg(g) = qs.
Let s = mt + r with 0 ≤ r < t. Then wideg(g) ≥ wideg(h◦m). Hence h◦m | g and
then g = h1 ◦ h◦m for some h1(x) ∈ O[[x]], by Theorem 3.4. h1(x) ∈ CommO(f )
and wideg(h1) = qr < wideg(h). Hence wideg(h1) = 1. Thus h1(x) is an invertible
series.

Example. Let f(x) =
∑∞

i=1 aix
i ∈ O[[x]] with wideg(f) = d and υ(ai) ≥ d−i

d−1υ(a1),

∀ i < d. Thus the Newton polygon of f(x) has only one segment. (The simplest
example is f(x) = πx+ xd.) It is easy to check that there is no polygonal function
which has finitely many segments with the slope of its leftmost segment less than
d that can commute with Ψf (x). Since the Newton copolygon of f(x) has only
one vertex with x-coordinates ξ. The leftmost vertex is the same as the rightmost
vertex. dξ > ξ tells us that for every g(x) ∈ CommO(f), g = u ◦ f◦m where u(x) is
an invertible series in CommO(f).

Remark. This Example is a generalization of Lubin’s result [3, Theorem 3.3.1].

Let us return to polygonal functions again. Keep all the notations as above. We
can not always have Ψf(ξ) > δ, but there exists n such that Ψ◦n

f (ξ) = Ψf◦n(ξ) > δ.

Again, by Corollary 2.6.1, for any g ∈ CommO(f) with wideg(g) ≥ wideg(f◦n),
we have Ψg(x) = Ψf◦n(x) + c for x ≥ ξ′. This means that for any α ∈ Λ(f) with
υ(α) ≥ ξ, g(α) = 0. For if g(α) 6= 0 and g◦m(α) = 0, then the change in slope of

N ∗(g◦m) at
(
υ(α),Ψg◦m(υ(α))

)
is greater than the change in slope of N ∗(f◦n) at(

υ(α),Ψf◦n(υ(α))
)
. Since all roots of f(x) have valuation greater than or equal to

ξ, we have f | g.
Corollary 3.4.2. Let g(x) = u ◦ f(x) ∈ CommO(f), where u(x) ∈ k[[x]] with
u′(0) ∈ O∗. Then there exists n ∈ N such that u◦n(x) ∈ O[[x]].

Proof. By the argument above, there exists m ∈ N such that for every h ∈
CommO(f) if wideg(h) ≥ wideg(f◦m), then f |h. Since g◦m = u◦m ◦ f◦m and
wideg(g◦m) = wideg(f◦m), we have f |u◦m ◦ f◦m. By Theorem 3.4,

u◦m ◦ f◦(m−1)(x) ∈ O[[x]].

Because u◦m◦f◦(m−1)◦g = u◦(m+1)◦f◦m ∈ CommO(f) and wideg(u◦(m+1)◦f◦m) =
wideg(f◦m), f |u◦(m+1) ◦ f◦m. Again, by Theorem 3.4, u◦(m+1) ◦ f◦(m−1) ∈ O[[x]].
Using induction we have u◦r ◦ f◦(m−1)(x) ∈ O[[x]], for all r ≥ m. Since in the
same commuting family with the same Weierstrass degree, up to composing with
a commuting invertible series, we can only have finitely many series with different
roots, so we can find t ≥ m and n > 0 such that u◦t ◦ f◦(m−1)|u◦(t+n) ◦ f◦(m−1).
Thus u◦n ∈ O[[x]].

Remark. Since ∀ r ≥ m, u◦r ◦ f◦(m−1) ∈ O[[x]] and u◦n ∈ O[[x]], we have that
u◦z ◦ f◦(m−1) ∈ O[[x]] for all z ∈ Z.
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Corollary 3.4.3. Let g(x) = h ◦ f(x) ∈ CommO(f), where h(x) ∈ K[[x]] with
h′(0) ∈M. Then there exists n ∈ N such that h◦n(x) ∈ O[[x]].

Proof. Since υ(g′(0)) = υ(h′(0))+υ(f ′(0)) > υ(f ′(0)), by Corollary 3.2.1, wideg(g)
> wideg(f). There exists m ∈ N such that f | g◦m, so we have h◦m ◦ f◦(m−1)(x) ∈
O[[x]]. Because

wideg(h◦m ◦ f◦(m−1) ◦ g) = wideg(h◦(m+1) ◦ f◦m) > wideg(h◦m ◦ f◦m),

we have f |h◦(m+1) ◦ f◦m. Hence h◦(m+1) ◦ f◦(m−1)(x) ∈ O[[x]]. Using induction,
we can get h◦r ◦f◦(m−1)(x) ∈ O[[x]] for all r ≥ m. Since wideg(h◦(r+1) ◦f◦(m−1)) >
wideg(h◦r ◦ f◦(m−1)), there exists s > m such that

wideg(h◦s ◦ f◦(m−1)) ≥ wideg(h◦m ◦ f◦m).

Hence we have f |h◦(s−m) ◦ f◦(m−1). Thus h◦(s−m) ◦ f◦(m−2)(x) ∈ O[[x]]. Using
induction again, we can get h◦n(x) ∈ O[[x]] for some n ∈ N.

Remark. In this proof, actually we can get h◦t(x) ∈ O[[x]] for all t ≥ n.
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